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1.1

1.2

1.3

1 Simulation and Bisimulation

Definition (Labeled Transition System / LTS)
Let A be an alphabet of actions.

An LTS over A is a pair (Q, T) with

e asetof states Q@ = {qo0,q1,...}

* aternary transition relation T C (Q x A x Q)

A transition (g, ,q") € T is also written g L)T q.

1 i —
Ifg —74q1... —7 qx we call g, a derivative of g.
Usually we omit the subscript 7 of arrows.

Definition ((Strong) Simulation)

Let (Q,T) be an LTS (over A).

1. Let S C Q x Q be a binary relation.
S is a (strong) simulation on (Q,T) if,
whenever p S g,

if p - p’ (for some p’ € Q) then

there is ' € Q such that g N g and p’ Sq'.
Formally this means:

VpgeQ.pSq
—Vp' e Q.Vue A.p Lp’
— 37 € Q.q L>q’/\p’5q’

2. q (strongly) simulates p, written p < g,
if there is a (strong) simulation S (on (Q, 7))
such that p S g.

The relation < C Q x Q is also called similarity.

Notation

In the following, if the used transition system is clear in the
respective reasoning context, then we usually omit to specify
“on Q" (for binary relations) or “on (Q,7)” (for simulations)
and even the alphabet of actions A.
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1.4

1.5

1.6

1.7

1.8

1.9

Lemma

Let (Q,7) be an LTS.

If 51 and S, are simulations, then

1. S; U S5 is also a simulation.

2. 5§15, is also a simulation.

3. 51 N Sy is not necessarily a simulation.

Proposition

Let (Q,T) be an LTS.

=U{ S | S isasimulationon (Q,7) }

C Q x Q is the largest simulation on (Q, 7).
C Q x Q@ is a preorder.

IATATA

1.
2.
3.

Definition (Mutual Simulation)

Let (Q,7) bean LTS. Let p,q € Q.

p and g are mutually similar, written p 2 g,

if there is a pair (51, Sz) of simulations S; and S
with p S1 9 S2 p (ie., with p S1 gand g S p).

Proposition
2 is an equivalence relation.

Definition ((Strong) Bisimulation)

Let (Q,7) be an LTS.

A binary relation B on Q is

a (strong) bisimulation on (Q,T)

if both B and B! are (strong) simulations.

p and q are (strongly) bisimilar, written p ~ g,

if there is a (strong) bisimulation B such that p B g.

Proposition

1. ~=J{ S|S is a (strong) bisimulation on (Q,7) }
2. ~ C Q x Q is the largest bisimulation on (Q, 7).
3. ~ C Q x Q is an equivalence relation.
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2.2

2 Sequential Processes

Notation
We use the following sets of entities with the corresponding
meta-variables:

Z process identifiers A,B,...

N names ab,c,...

N co-names a,b,c,...

L labels A...elL ¥ NUN
A actions wh,...e Lu{t}

Labels are often also called visible/external actions.
In contrast, T is called invisible/internal action.

We use 4 to denote finite sequences (ay, ..., a,) of names;

we sometimes use vectors without enclosing parentheses;

we use {7 } to denote the corresponding set {ay,...,a,}.

A vector 4 is called duplicate-free if |d| = |{a}|.

We will use parameterized processes A(d ) with name parameters
(not, e.g., co-names or T).

Definition (Sequential Process Expressions)

The sets P9 and M?**1 of sequential process expressions is
defined by the following BNF-syntax (as generated by the non-
terminals P and M, respectively):

P = Alay,...,an) | M
M == 0 ! uP | M+M

We use P, P;, ... to denote process expressions,

while any M, M;, ... always denotes a choice or sum[mation].
Any summation not containing prefixes u.P (i.e., only 0)

is called empty summation.
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Each process identifier A that is used in a process expression is
assumed to have a type-conforming defining equation

A(ay,...,ap) =M

(note the use of parentheses in this case), where 1) M is a sum-
mation, 2) (ay,...,4a,) is duplicate-free, 3) fn(M) C {ay,...,a,},
i.e., the (free) names (see Definition of M appear in the list
of parameters, and 4) {a,...,a,} C N, i.e., only names are
allowed as parameters, not co-names, nor 7.

For convenience, with @ = (ay,...,a,) and b= (b1,...,by), we
write A(7 ) and A(4) to denote A(ay,...,a, ) and A(ay,...,a, ).
Moreover, we write A(H,B) to denote A(ay,...,a,,b1,...,by).
Analogously, we use A(7,b) to denote A{ay,...,a,,b1,..., by ).
If A(7) := M is given, then A(b) “behaves like” {B/ﬁ}M, which
is defined as the simultaneous substitution of all occurrences of
names in 4 by names in b (see Definition [2.4/ and Notation .

2.3 Definition ((Free) Names)

fn: Psed — 2N
The set fn(P) is defined inductively by:

{b} ifu=>b
fn(p) def {b} ifu=>
%)

@ ifu=rt

def

= fn(u) U n(P)

fn(M;) U fn(Mp)
a}

def

)
)
) <
)

—~
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2.4 Definition (Simultaneous Substitution)

2.5

A substitution ¢ is a total function o : N — .
The set sup(c) © (neN|on) £n}
denotes the support of ¢.

1. For k € N, we lift o to N* — N/*

to act on vectors of names by

ef
o((ny,...,ng)) & (c(m),...,0(ng))
2. We lift ¢ to actions A — A, as defined by:
a ifu=aeNando(a)=d

o(p) of ola) ifu=a
T ifu=rt

3. We lift o to processes P9 — Ps¢9,
as inductively defined by:

7(0) ¥ o
c(uP) & o(u).o(P)
o(My + M) & (M) + o(Mp)
o(A(@)) & Alo(@))
Notation

Let 0 : N — N be a substitution with finite support. We
often represent o as {7(")/;}, where i is an arbitrary vector
enumerating the elements of sup(0).

Dually, given any vectors @ and b of equal length, then (/)
uniquely defines a substitution, if 4 is duplicate-free.
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2.6 Definition (Operational Semantics)
The LTS (P4, T) of sequential process expressions over A
has P9 as states, and its transitions 7 are generated by the
following rules:

7 I3
/itM — P’
PRE; ————— DEF:{/II}—PLA i):=M
uP — P A(¢) — P
H / B !
M; — Mj M; — M,

M SUMy: i
Mi+M, 55 M| Mi+M, 5 M,

SUM;7:

Note that “transition under prefix” is not allowed.

2.7 Notation
We also use the abbreviation

def 0 iflI=0

ig‘ui‘Pi = uePr + Y ui.P; otherwise
ie(I\{k})

where

* [is a (usually finite) indexing set, and
* k ¢ I is selected according to some implicit ordering
or, if none exists, by the axiom of choice.

The order of components is not semantically relevant.

We also use the notation

yME v oM

MeM

where M is a finite subset of M54,
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3.1

33

3 Concurrent Processes

Definition (Concurrent Process Expressions)
The sets P and M of concurrent process expressions is defined
by the following BNF-syntax:

P u= A(d) | M| P|P| (va)P
M == 0]|uwP|M+M

under the same assumptions on process identifiers as in the
sequential case. The expression P|P denotes parallel composition,
while (va) P denotes name generation, also called restriction.

Notation If necessary, we use parentheses to clarify the scope of
the various process operators in process expressions. Moreover,
we impose that unary operators have precedence over (i.e., bind
tighter than) binary operators. From the definition of the syntax
we have that + binds stronger than |. E.g., 0+ (0/|0) is not an
element of P.

(va)P[Q = ((va
aP+M = (a
oM+ M, = U(M1)+M2

Notation
We allow the shorthands of Notation [2.7 also for P and M.
Similarly, we use the abbreviation

0 iflI=0

[Pk = P | TI P otherwise
ie(I\{k})

where

* [ is a (usually finite) indexing set, and
* k € I is selected according to some implicit ordering
or, if none exists, by the axiom of choice.

The order of components is not semantically relevant.
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3.4 Definition (Free Names)
fn: P — 2V,
The set fn(P) is defined inductively by:

ifu=rt

{b} ifu=>b
f(p) = {{b} if g =b
def®

L fn(u) Ufn(P)

)
)
fn(M; + M) % fn(My) U fn(Mp)
)
)
)

(M
def {Zf

—

We say that a occurs free in P, if a € fn(P).

August 19, 2019 9:59
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3.5 Definition (Bound Names)
bn:P — 2N
The set bn(P) is defined inductively by:

@ ifu="b
bn(u) Lo if u="=
© ifu=r
bn(0) & @
bn(1.P) % bn(u) Ubn(P)
bn(M; + M) % bn(M;) Ubn(M,)
bn(A(7)) ¥ @
bn(Pi|P) & bn(P) Ubn(P,)
bn((va) P) ¥ bn(P)U{a}

We say that a occurs bound in P,

if P has a subterm (va) Q, where a occurs free in Q.

We say (va) P binds (any free occurrence of) a in P.

For example, a does not occur bound in (va) 0,
although a € bn((va)0).

August 19, 2019 9:59
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3.6

3.7

3.8

39

Definition
A name a is called fresh with respect to an expression P,
ifa & fn(P) Ubn(P).

Definition (x-conversion)

The process P’ is a simple a-conversion of P if it can be obtained
by replacing an instance of a subterm (va) Q of P with (vb) Q’,
where b is fresh with respect to Q, and where Q' is obtained by
replacing all free occurrences of a in Q with b.

The relation =, (of type P x P), called a-congruence, is the
smallest equivalence relation containing simple x-conversion.

Definition ((name-)clash-free)

A process P € P is called [name-]clash-free (or a-free) if fn(P) N
bn(P) = @ and all set unions in the definition of bn(P) are
disjoint unions (i.e., the same name is not bound twice in P).

Lemma

For every expression P € P, there exists a clash-free expression
P € P such that P = P.

In this case, we call P a clash-free version of P.
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3.10 Definition (Simultaneous Substitution)
Any substitution ¢ : N' — N is lifted to concurrent process
expressions P — P, inductively defined by:

c(0) = 0
c(uP) = o(u).o(P)
o(M; + M) % (M) + o(M,)
c(A(@)) = Alo(d))
o(PiP) € o(P) | o(Py)
o((va)P) ¥ (va) (¢]a — a])(P)
where
def | a ifx=a
ol al(x) = {U(x) if x £ a

We say that o avoids name-clashes on P (written cf(c, P)),
if o(sup(c)) Nbn(P) = @.

The use of substitutions that avoid name-clashes guarantees that
any occurrence of a free name is not in danger to become bound
after having been replaced (e.g., {*/y}(va) b.0 = (va) a.0).

To ensure that we always avoid name-clashes when applying sub-
stitutions, we “silently assume” that an appropriate a-conversion
is implicitly applied to expressions whenever necessary.
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3.11 Definition (Operational Semantics)
The LTS (P,T) of concurrent process expressions P over ac-
tions A has transitions 7 generated by the following rules:

z I3
{C/E}M/ LN Pl o

PRE: ————— DEF:

wp 5 p A(E) = P/
o & A(@):=M anD M=,M' anD cf({/:}, M)
u , # /
M; — M, My — M,
SUM1: SUM»:

Mi+M, 55 M, Mi+M, 55 M,

P L p p, 5 py

7 PARp: T
P]‘PQ — P{’PZ Pl‘Pz — P]‘le

PAR7:

PLP Q5

coMm: T
P[Q — P'|Q

pLp B
RES: T ué{a,a}
(va)P — (va) P!

where i def A.

NB: The side condition ® of rule DEF induces, in principle, an
infinite number of transitions, which only differ in the choice
of bound names, as introduced by M=,M’. For simplicity, we
only count these as a single transition; in other words, we then
work with an LTS that considers representatives of a-congruence
classes of P instead of just P.
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3.12 Proposition
For each P € P, there is a finite index set I, and for alli € I
there are actions y; and processes Q; such that

P~y { wiQi| P o)

icl
3.13 Proposition
Foralln >0and Py,...,P, € P:
Y AB(Pi|...|P/|...|Py )
131<i<np L Py
P|...|Py~ <+
Y {( P1|...|Plf|...|13](\...]Pn

)
. A A
| 31<i<j<n.P; — PIAP; — P}

3.14 Proposition
Foralln >0, Py,...,P, € P,and a:
Y A{B.wa)( Pi|...|P|...|Py)
131<i<nP, L5 PIABB LG )
(va) (Py|...|Py) ~ < +
Y {t.(vd)( P1]...|Pl/|...|P]f|...|Pn )

|31<i<j<nP, “5 PLAP 5 P}
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4.1

4.3

4-4

45

4 Congruence and Reaction

Notation
We often write (vab) P instead of (va) (vb) P.
We often omit trailing .0 and abbreviate 4.0 by a.

Definition (Process Contexts)
A process context C|[-] is
defined by the following syntax:

C[] == [] ‘ uCl-|+M ’ M+ u.C[ ]
| Cl]
The elementary process contexts are
(va)[] ]+ M M+ p.[]
L1 P Pl

The expression C[Q] denotes the result of
filling the hole [-] of C[-] with process Q.

Definition (Process Congruence)
Let = be an equivalence relation over P.
Then, = is said to be a process congruence,

if, for all process contexts C|[-], P = Q implies C[P] = C[Q)].

Proposition

Let = be an equivalence relation over P.

Then, = is a process congruence,

if and only if it is preserved by all elementary contexts,

ie., if P = Q implies all of the following:
wP+M=uQ+M PIR = QIR
M+ uP=M+puQ RIP~R|Q

(va) P = (va) Q
for all possible y € A, a € N,R€ P and M € M.

Theorem
Bisimilarity ~ C P x P is a process congruence.
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4.6

4.7

4.8

Definition (Structural Congruence)

Structural Congruence, written =, is the smallest process con-
gruence over P containing the following equations.

1. =,

2. commutative monoid laws for (M, +,0)

3. commutative monoid laws for (P, |,0)

4. rules for restriction:

(va) (P|Q)=P| (va)Q, ifa¢ m(P)
(vab) P = (vba) P
(va)0=0

5. A(B) = /)M, )

if A(7@):=Ma and Mp =, M and cf({¥/;}, M}).
Note that n-ary summation/product is already implicitly de-
fined modulo the commutative monoid laws.

There are at least four usages for structural congruence.

The first usage of structural congruence is that process descrip-
tions can be transformed into a shape that allows to immediately
assess all top-level parallel components.

Definition (Standard Form)
A process expression (vd) ( [T M; ),
i€l

where each M,; is a non-empty sum,
is said to be in standard form.
If {@} is empty then there is no restriction.

Theorem
Every process is structurally congruent to some standard form.
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The second usage of structural congruence is a much simpler pre-
sentation of operational semantics that focuses on handshakes.

4.9 Definition (Reaction Semantics)
The relation +— over P is generated by the following rules:

TAU

REACT:

" TP+Mes P a.P+M|2.Q+N — P|Q
P P P~ P
AR ————————— RES:
EPI0= P |0 (va) P — (va) P’
P— P ) )
STRUCT:mPEQANDP =0

4.10 Proposition
P 25 Pand P=Q,
then there is Q" such that Q N Q' and P! = Q.

4.11 Corollary
= is a strong bisimulation.

4.12 Theorem
P— P iff P =P

The third usage of structural congruence is a proof technique
for bisimilarity.

4.13 Definition (Strong Simulation up to =)
A binary relation S on P is
a (strong) simulation up to =
if, whenever P S Q, then if P 2\ P then
there is Q' € P such that Q N Q' and P =S= Q.
S is a strong bisimulation up to =
if its converse also has this property.
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415

4.16

417

Proposition
If S is a (strong) bisimulation up to =and P S Q,
then P ~ Q.

The fourth usage of structural congruence is to statically check
for currently observable actions without referring to a labeled
transition semantics.

Definition (Barbs)
Given the LTS (P, ).
Let P,Qe Pand A € L.

Let = &y (reflexive-transitive closure of ).
Then:

1. Q has a strong barb for A, written Q |, if
Q=wd)( Q1 |AQ2+M)

for some Q1,02 € P, M € M
and {@} C N with {A,A} N {d} = @.

2. P has a weak barb for A, written P |},
if P = Q for some Q € P with Q |,.

Proposition
LetPePand A € L.
Then P |, iff P 2 P for some P € P.

Definition (Barbed congruence)
Barbed bisimilarity on P is the largest symmetric relation
~p, C P x P such that, whenever P =, Q, then

1. P |, implies Q {,, and
2. P— P/ implies Q = Q' with P’ =, Q'.

Processes P and Q are barbed congruent, written P =€ Q,
if C[P] =, C[Q] for every context C[-].
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5.1

5-3

5.4

55

5 Observation Equivalence

Definition (Weak Transitions)
Given the LTS (P, —) over A.
Then, weak transitions are defined by:

def T
1. = = —

B def iz
2. = = = — =

Definition (Weak Simulation)
Let S be a binary relation over Q.

Then S is said to be a weak simulation
if, whenever P S Q,

e if P — P’ then thereis Q' € Q
such that Q = Q" and P’ S Q'.
o if P % P/ then there is QeQ
such that Q A, Q and P’ S Q.
Q weakly simulates P,
if there is a weak simulation S such that P S Q.

Lemma
Every strong simulation is also a weak simulation.

Definition (Weak Bisimulation)
A binary relation B is a weak bisimulation

if both B and its converse B~! are weak simulations.

P and Q are weakly bisimilar, weakly equivalent,
or observation equivalent, written P ~ Q,
if there exists a weak bisimulation B with P B Q.

Proposition
P ~ Q implies P ~ Q.

August 19, 2019 9:59
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5.6 Proposition (Weak Equivalence)
1. ~ = |J{ B | B is a weak bisimulation }
2. ~ is itself a weak bisimulation.

3. ~ is an equivalence relation.

5.7 Theorem

Weak equivalence ~ C P x P is a process congruence.

5.8 Proposition
Let P,Q € P. Then P =~ Q iff P = Q.

5.9 Proposition

For concurrent processes we have:
AC = C=C~C~rR=22¢Cnr, CV

August 19, 2019 9:59

21



5.10

5.11

5.12

Definition (Weak simulation up to ~)

S is a weak simulation up to ~

if, whenever P S Q,

o if P - P’ then there is Q' € Q
such that Q = Q' and P/ ~S~ Q'.

o if P % P/ then there is Qe
such that Q N Q' and P’ ~S~ Q.

S is a weak bisimulation up to ~

if its converse also has this property.

Proposition
If B is a (weak) bisimulation up to ~ and P B Q,
then P = Q.

Theorem (Unique Solution of Equations)
Assume a possibly infinite list of equations:

X1 =AY+ Ay Y
Xo = A1 Yo1 + .o+ A2y, You,

~
~

The X;, Y;; are process variables (i.e., not necessarily process
constants) and every Yj; is equal to some Xj.

If A # 7 for all i, j, then there is a (up to &) unique sequence
Py, P, ... of processes that satisfies the equations (i.e., X; = P,
Xy = P, ... and all the equations hold).
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6 Value-Passing

6.1 Notation
We use the following sets of entities with corresponding meta-

variables:

1 process identifiers A,B, ...

N (channel) names a,b,c,...

V  values U, W

B boolean e = p=p | p<p
expressions ‘ eNe ‘ —e

p = v |x
X wvariables X, Y,z

A actions pou= ax) | a(o)
L labels o a

“negative” actions a(v): send value v over channel a.

“positive” actions a(x): receive any value, say v, over channel a and
“bind” it to variable x, resulting in a substitution {%/y} of the
formal parameter x by the actual parameter v.

Substitution {’/y} is of values for variables, as opposed to names
for names as in Definitions [2.4]and We omit the straightfor-
ward definition. Evaluation requires a function £ : B — {t,f }
that provides the usual interpretation of closed (i.e., variable-
free) boolean expressions; for non-closed (so-called open) ex-
pressions p, £(e) returns f such that a term depending on such
a p will not have any transition.

We could have chosen to allow for non-value expressions in
output prefixes, e.g., a(e) with e being an expression in an
arbitrary programming language that can be evaluated to a
proper value in finite time. One would then need an evaluation
strategy telling that expressions-to-be-sent must, for example, be
evaluated before being sent or be sent unevaluated. However,
we keep the language as simple as possible in order to put the
focus on the effect of bisimulation (see Definitions [6.7]and
which is already visible when communicating just values.
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6.2

6.3

6.4

Definition (Value-Passing Processes)

The set PVT is defined by the same grammar as the set P with

the following exceptions.

* Actions y are now interpreted as in Notation

* The list of arguments of a process constant A( 77 ) may contain
variables, values, and names.

* A process may also be [¢] P for some expression e and a con-
tinuation process P: the intution is as in “if £(e) then P”.

Remark
Note that a.P is not a valid term of PVF.

Definition (Free and Bound Names and Variables)

The sets fn(P), bn(P), fv(P), and bv(P) are defined analogously
to the definitions of fn(P) and bn(P) for the concurrent process
expressions.

R R T

el if ue{ax),alv), v}
bvip) = if y=a(x)

. def @ if ye{a(),a(x),t}
) {{x} if 4 = 2(x)

As 6 comprises just fewer cases than y in these four defini-
tions also apply to J.

X

{a} ifpe{a(x)alv)a(x)}
}

bn(y) = @

%
{

The notion of a-conversion now also includes the consistent re-
naming of (input) variables. Substitution, as well as free/bound
names/variables of labels, are defined accordingly. However,
values may never substitute names or vice versa and substitution
also affects expressions.
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6.5 Definition (Operational Semantics (Early))
The LTS (PVP, TE) over £ has P'F as states, and its transitions
TE are generated by the following rules:

M LM My 25 Mj
5 SUMj: 5
Mi+M; — Mi Mi+M; — Mé

SUM1:

- 5
{C/E}M/ N Pl @

DEF: 3
Ale)y =P
@ < A(7):=M anD M=,M anp cf({/}, M')
5o, ° P
P, = P b =5
PAR;: 5 PARj: 5
P[P, — Pj|P, Pi[Py = P[P,
pLp
RES 5 a ¢ fn(9) TAU -
pLp
COND: ————— E(e) =t out: a(v)
e]P — P! ato).p —=P
INP - veyY
a(x).P — {"/x}P
a(v) , av /
P —p Q —Q
COM7: T
P|lQ —P|Q
av , a(v) /
P —P Q —0Q
COMp:

PlQ 5P |Q
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6.6 Definition (Operational Semantics (Late))
The LTS (PP, TL) over A has PVF as states, and its transitions
TT are generated by the following rules:

M i} Mi M, L Mé
M SUM»: [
Mi+M; — M, Mi+M, — M,

SUM1:

{E/E}M/ L P o

DEF: m
A(C) — P
o & A(@):=M anp M=,M' anp cf({%/z}, M)
Py L Py £ - B
PAR;: m PARjp: 1z /
P|P, 5 PP, PPy = P[P,
rLp
RES a ¢ fn(u) TAU T
p-Lp
COND i E(e) =t out a(o)
e]P — P’ afo)p —=P
INP: .
a(x).P ——= P
p M p g My
COM1: T / v /
P[Q — P | {"/A}Q
p " p o MLy
COMpy:

PlQ = {%}P'|Q

August 19, 2019 9:59 26



6.7 Definition (Early Strong (Bi-)Simulation)

6.8

Let S C PVP x PVP be a binary relation.
S is an early strong simulation on (PVF, T*) if,
whenever P S Q,

a(x)
e if P —— P’ then

forallv eV
such that

o Q —aE/)—> Q' and

o {*/x}P S {1 Qf
e if P 5 P (ue{t}U{a(®) |aeNAvEVY) then
there is Q' such that
o Q R Q' and
o PSS
A binary relation B C PVY x PVP is an early strong bisimulation,
iff, B and B! are early strong simulations.
The largest early strong bisimulation is denoted ~F

Definition (Late Strong (Bi-)Simulation)
Let S C PVP x PV be a binary relation.

S is a late strong simulation on (PVY, TT) if,
whenever P S Q,

. a(x)
e if P —— P’ then

such that

—a(—y—> Q' and

o for allv € V|. {%}P" S {*/,}Q
o if P —>P’(y€{T}U{ (v) |a e NANveV}) then
there is Q' such that
o Q -, Q" and
o P'PS(Q
A binary relation B C PVP x PVP is a late strong bisimulation,
iff, B and B! are late strong simulations.
The largest late strong bisimulation is denoted ~".
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6.9 Definition (Translational Semantics)
We consider a restricted class of PVF terms: Let V = { vy, ..., v, }
be finite and process terms contain neither values nor variables
in parameter lists of applications of process constants.

We give an encoding: [ ] : PV — P

[z.P] ¥ «[P]
[a(0).P] < Z.[P]
[a(x).P] ¥ ¥ a.[{%}P]

veY

def [P] if&(e) =t
LelP] = {0 if £(e) =f

[o] <o
IIM1+M2]] d:ef [[M1H+[[M2]]
[P|P] ¥ [P]I[P:]

def

T

def

[(va) P] (v[a])[P]

[A(Z)] = A([4])
[A(®):=M] = A([x]):=[M]
[7] def A fa=A
boy, -, by, [C] ifd=10C

[20)] <@
[av] e
[7] €

6.10 Proposition
Let P, P’ € PVF with the restrictions from definition Then:

pl o pigr] 2L P
6.11 Corollary
The translational semantics of definition [6.9|is not sound in the
sense of proposition if the late semantics and late strong
bisimulation is used on PVF instead of their early counterparts.
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6.12 Proposition
For value passing CCS we have:

E
AC = cCc=c~tc~EF=- T cvV

Where ~7" is strong bisimilarity using the early semantics TE.

6.13 Notation (Polyadic Communication)
The polyadic actions a(7) and a(X)
(with ¥ pairwise different)
transmit many values at a time.
All definitions are straightforwardly generalized.

6.14 Remark
Note that 4.P is a valid term of the polyadic variant of PV¥.

6.15 Proposition
(Value-Passing) CCS is Turing-powerful.

6.16 Proposition

The halting problem for Turing machines can be reduced to the
existence of infinite sequences of internal transitions.
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7 Name-Passing and Reaction Semantics

7.1 Notation
We use the following sets of entities with corresponding meta-
variables:

N names a,b,c,...,x,Y,z

A actions p = x(y) | x(y) | T

7.2 Definition (Mobile Processes)
The set P” of m-calculus process expressions and the set M™ of
rt-calculus summations are defined by the following syntax:

P == M| PP | (va)P | P
M == 0| puP | M+M
7.3 Definition (Free and Bound Names)
The sets fn(P) and bn(P) are defined as for concurrent process

expressions, based on its definition on actions, and adapted in
the case of prefixes.

» {y} ifp=yx)
() = ({yz} ifu=7)
@ ifu=rt
() S Jixd ifp=y(x)
bn(p) {@ ifue{yz),t}
f(u.P) & fn(u) U (fn(P) \ bn(p))
L bn(y) Ubn(P)
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7-4

75

7.6

Definition (Process Contexts)
A mt-calculus process context C[-] is defined by the following syn-
tax:

C[] == [] ’ wCl-|+M ’ M+ u.C[ ]
| PIC[] | CLJIP | (va)C[] | tC[]

The elementary process contexts are

(va) [] pl1+M M+ [ ]
'] [11P P[]

Definition (Process Congruence)

Let = be an equivalence relation over P’.

Then = is said to be a process congruence,

if for all contexts C[-], P = Q implies C[P] = C[Q)].

Proposition

Let = be an equivalence relation over P”.
Then = is a process congruence, if and only if
it is preserved by all elementary contexts;

ie.,, P = Q implies all of the following:

wP+M=puQ+M PIR = QIR
M+ puP =M+ u.Q R|P = R|Q
'1P=1Q (va) P = (va) Q
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7.7 Definition (Structural congruence)

7.8

79

Structural congruence, written =, is the (smallest) process con-
gruence over P determined by the following equations.

1. =, (now for two binding operators!)

2. commutative monoid laws for (M7, +,0)

3. commutative monoid laws for (P7, |,0)

4. rules for restriction:

(va) (P|Q)=P| (va)Q, ifa¢ m(P)
(vab) P = (vba) P
(va)0=0

5. rule for replication: ! P = P|! P

Definition (Standard Form)
A m-calculus process expression

(Vﬁ)(M1|"'|Mm|!Ql|'~'|!Qn)

where each M; is a non-empty sum, is said to be in standard form,
if each Q; is itself in standard form.

If m = 0 then M| ...|M,, means 0.

If n=0then!Q]...|!'Q, means 0.

If 7 is empty then there is no restriction.

Theorem
Every 7r-calculus process term is structurally congruent to some
standard form.
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7.10 Definition
The reaction relation — over P
is generated by the following rules:

TAU: —————
T.P+M +— P

REACT: —

y(z).P+M | y(x).Q+N — P | {*/+}Q

P P P— P

RES:

" Po=Po (va) P — (va) P’

P—P L
STRUCT:?PEQANDP =Q

= Q
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7.11

7.12

There are many variants of the 7r-calculus available in the litera-
ture. Here, we introduce two widely-used ones.

Notation (Polyadism)
We use the following sets of entities and meta-variables:

N names a,b,c,...,x,y,z
A actions p = T | yX) | 7(2)

where the x; in (¥) are pairwise distinct, and

where in bound output (vX)y(Z), we require { ¥ } C {Z }.

We write 7(Z) for (vX) (Z) when X is empty.

Then, the definitions of [7] are just re-applied, except for the
adaptation of the rule

REACT: IZ| = |¥|

j(2).P+M | y(¥).Q+N — P | {7/x}Q

Definition (Asynchrony)
The asynchronous rt-calculus is the subset of the standard (then
called synchronous) rt-calculus given by:
1. constraining sending to the form (Z)
(without any suffix);
2. removing the summation operator
The syntax of P4 is generated by the BNF-grammar:

P == 0|yE |y&).P|PP]| (va)P | !P

where terms of the form ¥/(Z) are called messages.
Then, many definitions of |7 are re-applied, with an the adapta-
tion of the rule

REACT: |Z] = ||

7(Z) | y(®).Q —~ {¥:}Q
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8 Name-Passing and Labeled Semantics

8.1 Notation (Labels)
We use the following:

L labels 7w == 1| y@@) | yZ | (vX)Y(2)

where the x; in (X) are pairwise distinct, and

where in bound output (vX)y(Z), we require { X} C {Z }.
We write y(Z) for (vX)y(Z) when X is empty.

We write (vz) for (vz)y(z).

8.2 Definition (Free and Bound Names)

The sets fn(P) and bn(P) are adapted to the case of polyadic
actions and labels. Let v € { u, 7 }.

{y. %} ify=y(%)
n(y) = {2z} ify e {yZy(E@), vD)7y(3) }
%) ify=rt

def | {X} ifye{y), v
bn(7) {@ ify e {yz,y(@),

fn(y) = n(y)\bn(y)

8.3 Remark
Letye{um}.
In the sequel, the phrase “bn(a) fresh” means that bn(a) is
disjoint with the free names of all other mentioned processes.

X)y(2) }
T}
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8.4 Definition (Operational Semantics)
The LTS (P™,T) of m-calculus expressions over £ has P” as
states, and its transitions 7 are generated by:

TAU: - _ OUT: . E(E)
TP — P a(b).P —= P
INP: E* {b}C N
a(%).P == {¥:)p
PP
RES c & n(m)

: - bn(rt) Nfn(P) =@
P1 |P2 — Pll | Pz

; Oa(s
p p p MY

CLOSE7: = {¢}Nn(P) =@
Py| P, — (ve) (P1| Py)
Iy - PP 5 p
b+ P —)P{ 'p — P
T /
—
ALPHA: niQ P=,0
P—Q

where the obvious symmetric counterparts for the rules (PAR;),
(cLosEq) and (suMq) are omitted.
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8.5 Definition (Late Operational Semantics)
The LTS (P7,T") of sequential process expressions over A
has PT as states, and its transitions 7~ are generated by the
following rules:

PRE: m
uP — P
PP
RES c & n(m)

vc)a
P, —>P P ——1p]

CLOSE;: = - — c}Nfn(P) =0
P[Py — (ve) ({7} Pr | Pa)
P, 5P pltp 5 P
SUM{: ———————— REP; ————————
Pi+P, — P 'p — P
ol
ALPHA: ————— P =,
P —qQ

where the obvious symmetric counterparts for the rules (PARy),
(cLosEq) and (suMq) are omitted.

For simplicity, the following two definitions are only shown for
the monadic case.

August 19, 2019 9:59 37



8.6 Definition (Early Strong (Bi-)Simulation)

8.7

Let S C P x P’ be a binary relation.
S is an early strong simulation on (P, TT) if,
whenever P S Q,

a(x)
e if P —— P’ then

for all u € N || there is Q' | such that
o Q —ag)—> Q' and
o {}P'S ("}
e if P 5 P (e {T}U{aw),a(vo) |a e N AveN}) and
bn(p) fresh then
there is Q' such that
o Q LN Q' and
o P'SQ
A binary relation B C P”* x P” is an early strong bisimulation,
iff, B and B~! are early strong simulations.
The largest early strong bisimulation is denoted ~F.

Definition (Late Strong (Bi-)Simulation)
Let S C P x P be a binary relation.

S is an late strong simulation on (P7,TT) if,
whenever P S Q,

a(x)

e if P —— P’ then

such that
a(x)
o QO —= Q' and
o (forallu e N'|{"/x}P" S {*/,}Q’

o ifP 1 P/ (e {t}tu{aw),a(vo) |ae N ANveN}) and
bn(p) fresh then
there is Q' such that
o Q LN Q' and
o P'S(Q
A binary relation B C P x P” is a late strong bisimulation, iff,
B and B! are late strong simulations.
The largest late strong bisimulation is denoted ~".
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9 Congruence

9.1 Notation
R~ denotes the symmetric closure R U R™! of the relation R.

9.2 Definition (Distinction)
1. A distinction D C (N x N) is a
finite symmetric irreflexive relation on names.
2. Let N C V. Then

N7 & {(x,y) ENXN|x#vy}

is a distinction.

3. A substitution ¢ respects a distinction D
if (x,y) € D implies ox # oy.

4. A D-congruence is an equivalence that is preserved by those
contexts that do not use the names in D as “hole-binding”
names.

9.3 Remark
Note that if a substitution ¢ respects a distinction D, then oD is
also a distinction.
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9.4 Definition (Strong Open Bisimulation)
The set { ~P| D is a distinction } on (P7,T) is
the largest family of symmetric relations such that
if P ~P Q and ¢ respects D, then

o if o P - P’ with bn(7) fresh
(i-e., with bn(7r) Nfn(cP|eQ) = @),
then there is Q' with cQ —— Q’
and P’ ~7PUD" (7, wher

{bn(7)}” U (bn(r) x fn(cPlcQ)) "~
bn(m) # @
@ bn() =@

p &

The weak version (=P) is defined as usual by allowing for a
weak simulating transition in each case.

9.5 Theorem
~P and ~P are D-congruences.

!Beware of the standard non-distinguishing treatment of bound input
when using a late transition semantics instead of the early transiton
semantics that is used here.
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